PERIODIC CONTINUED FRACTIONS

JORDAN SCHETTLER

Abstract. The goals of this project are to have the reader explore some of the basic properties
of continued fractions and prove that o € R is a quadratic irrational iff o is equal to a periodic
continued fraction.

1. FINITE CONTINUED FRACTIONS

Fix s = (ao, (a1,...,a,)) € Z x N*. The finite (simple) continued fraction of s is
defined as
1
[s] = [ag;ay,...,a,]) = ap + T ,
a; + i
a2 _|_ e + -_
G,
and if n > k € Ny, the kth convergent ¢ of s is taken as ¢; = [ag; ay, ..., ax]. Prove that
ke{0,...,n} =
Pk
1.1 Cp — —
(1.1) "
where Po = Qop, P1 = Apay + 1a o = ]-7 q1 = ay, and
(12) Pm = GmDPm-1 T Pm—2,
(13) Gm = amQm—1 1 Gm—2

for all m € {2,...,n}. Next, use 1.1 and the definitions of p,,, ¢, to show that
(—1)F
Akqk—1

for all k € {1,...,n} (Hint: Subtract ¢,,,—1 times 1.2 from p,,—; times 1.3.). Now employ 1.4
to conclude

(1.5) << <...<[s]<.. <5<z <.

(14) Cl—1 — Cp =

Also, use 1.4 again to demonstrate that (pg,qx) = 1 for all k € {0,...,n}.

2. INFINITE CONTINUED FRACTIONS

Fix t = (ag, (a1, az,...)) € Z x N* and extend the definitions of ¢, px, g, to all k € Ny.
Prove that the limit (called the infinite (simple) continued fraction of t)

1
khrn Cr = [t] = [ao;al,ag,...] = ag + 1
N R

as +

a3+...

exists as follows: First, note that 1.5 implies the limits limy_ . cok, limg_, o Copr1 exist by

the monotone convergence theorem. Next, argue it’s enough to show these limits are equal,
1



2 JORDAN SCHETTLER

which amounts to proving qogi1¢gor — 00 as k — oo by 1.4. Lastly, complete the proof by
establishing the estimate ¢, > k for all k € Nj.

Now show that [t] ¢ Q. Suppose [t] = ng/dy for some ng, dy € Z with dy > 0. Obtain a
contradiction by showing that for each k € Ny there are ng,d,, € Z such that r, = ng/dy
and dy > dy > ... > dp_1 > di > 0 where r, is the kth remainder of ¢ defined as
Tk = [Clk; Ap41, Qf42; - - ]

Next, fix a € R\Q. Let af = |a] € Z be the greatest integer less than or equal to
a. Then o — af, > 0 since a ¢ Q, so one may define a} = [(a—a})™'| € N. Likewise,
(a —ap)™' —a} > 0, so one may define a), = [((a —a))™' —a})™'| € N. Tterating this
process gives a sequence ' = (ag, (a}, a},...)) € Z x N*°. Deduce that a = [t'] (Hint: Let ¢}
denote the kth convergent of ¢ and observe that by construction o > ¢4, and o < ¢4, for
all k € Ny, so the result follows by the squeeze theorem). Finally, prove [t] = [t'] = ¢t =t'.
Thus all real irrational numbers are equal to the infinite (simple) continued fraction of a
uniquely determined sequence in Z x N*°.

3. CHARACTERIZATION OF QQUADRATIC IRRATIONALS

Fix t = (ao, (a1, as,...)) € Z x N as above and denote its convergents and remainders as
before by ¢, = pi/q, and ry, respectively. Use the relation ry = (rp_1 —ay_;) "' for all k € N
to prove the following lemma.

Lemma. 2<keN=
TkPrk—1 + Dk—2

[t] = :
TkQk—1 + Qr—2

We say that [t] is a periodic continued fraction iff there are m,n € N such that
m < k € N = a, = agyp; this is a well-defined notion by uniqueness. Also, we say that «
is a quadratic irrational iff a € R\Q and « is the root of a quadratic polynomial with
integer coefficients. Somewhat surprisingly, these concepts are related in the same way that
repeating decimal expansions are related to rationality; in particular, we have the following
theorem. Fill in the details of the proof.

Theorem. a € R is a quadratic irrational iff « is equal to a periodic continued fraction.

Proof. (=) Suppose « € R is a quadratic irrational. Then we’ve seen that « is equal to the
infinite continued fraction of a uniquely determined sequence in Z x N*°, so wlog o = [t].
Also, there are a, b, ¢ € Z such that aa® +ba+c = 0. An application of the above lemma and
a tedious calculation shows that 2 < k € N = A;r? + Bry + Cy = 0 where Ay, By, Cy € Z
with

(3.1) Ap=Crp1 = api g+ bpr-1e-1 + cgi_y,
(3.2) B} —4A,C, = b — dac.
In addition, utilizing the lemma again along with 1.2, 1.3, and 1.4, gives that 3 < ke N =
_ 21— Qg 1
a_pklz Tk—1 — Qg1 <
qr—1 (Th—1Qh—2 + Qe—3)qk—1 Gy
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Thus by taking 0; 1 = pr_1qx—1 — agi_, for 3 < k € N we have pr_1 = aqx_1 + 0r_1/qx1
with [0—1] < 1, so 3.1 implies

62
(3.3) |Ai| = |Cry1| = |2a00—1 + a% + b0—1| < 2|lac| + |a] + |b] < 0.

k-1
Hence [{(Ag, Bx,Cy)|2 < k € N}| < oo since 3.3 shows A, C) are bounded sequences
of integers and, consequently, 3.2 shows By is a bounded sequence of integers. Therefore
[{rr|k € N}| < oo, so there are m,n € N such that r,, = 1y, giving ax = ax4, whenever
m<keN.

(<) Conversely, suppose a = [t] is a periodic continued fraction, so Im,n € N such that

m < k€N = a = ag,. It follows that m < k € N = rp = ry,,, so by the lemma we have

TmPm—1 1T Pm-2 _ TmPm+4n—1 T Dm+n—2

PmGm—1+ Gm-2  TmGmin—1 + Gmin-2
whence 7, is a quadratic irrational since we know infinite continued fractions are irrational
from the previous section. On the other hand, the reciprocal of a quadratic irrational is
a quadratic irrational and the sum of an integer plus a quadratic irrational is a quadratic

irrational, so r,,_; is a quadratic irrational. Inductively, [t] = ry is a quadratic irrational. [J

By the theorem we know that

1+

1+---

is a quadratic irrational; in this case, it’s easy to see that ¢ = %‘F’ is the golden ratio.
Recall that F,, = [¢" — (1 — ¢)"]/+/5 for all n € Ny where F, is the nth Fibonacci number
defined recursively by Fy =0, F; = 1, and F,, = F,,_1 + F,_5 for n > 2. Less trivially, the
theorem also shows that the continued fraction constant C' given by

1
C=0+

1+
2+

34 ...
is either transcendental or algebraic of degree greater than or equal to 3. In general, however,
infinite continued fractions are rather mysterious animals and there are no analogous charac-
terizations for transcendentals or algebraic numbers of degree higher than 2, although there
are beautiful non-simple continued fraction expansions for transcendentals as well as the ap-
proximations v ~ [0,1,1,2,1,2,1,4], e = [2,1,2,1,1,4,1,1], and 7 ~ [3,7,15,1,292, 1,1, 1]
where 7 is Euler’s constant. Moreover, as of the early 21st century not one (simple) con-
tinued fraction expansion has yet been completely determined for any numbers other than
rationals and quadratic irrationals. So little is known, in fact, that deciding whether or not
the elements of the infinite continued fraction of /2 are bounded would be a major discovery.

REFERENCES

[1] G.H. Hardy and E.M. Wright, An Introduction to the Theory of Numbers, 5th ed., Oxford University
Press, Oxford, 2000.
[2] A.Ya. Kinchin, Continued Fractions, Dover, Mineola, 1997.



