INTEGRATION WORKSHOP PROJECT:
THE WEIERSTRASS P-FUNCTION

PHILIP FOTH

1. ELLIPTIC FUNCTIONS.

Let w be a non-zero complex number. A function f(z) is called periodic with period w
if
f(z)=flz+w)
for all z. For example, exp(z) is periodic with period 27i, and both sinz and cos z are
periodic with period 2.

Let D be a domain such that for all z € D we have 2z +w € D and z —w € D. Let D;
be the image of D under the map z — exp(2miz/w). Let f(z) be meromorphic in D with
period w.

1. Show that there exists a unique function g in D; such that

f(2) = glexp(2miz/w)).

Let now f(z) be a non-constant meromorphic function defined in D = C. Let M be
the set of periods of f(z), i.e. those complex numbers w € C that satisfy f(z +w) = f(2)
for all z. It is clear that once w € M, then all its integral multiples nw, n € Z are also in
M. Although zero is not really a period, we add it to M. If M has numbers other than
zero in it, choose one, wy, with the smallest positive absolute value. Now we assume that
there are periods in M other than the integral multiples of w;. Choose one of them, ws,
with the smallest absolute value. You should verify that under our assumptions the ratio
wy /wo is not real. In such a case we say that f(z) is doubly periodic, i.e. there exist two
non-zero complex numbers w; and w, such that:

a) f(z+wy) = f(z) for all z

b) f(z +wq) = f(z) for all z and

¢) wy/ws is not real

Our additional assumptions on the absolute values of w; and ws, however, amount to

the following statement:

2. Show that all the periods of f(z) are of the form njw; + nows with ny, ne € Z.
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In this case, when all the periods of a doubly periodic function are of the form njw; +
nawy we say that (wy,ws) is a basis of M.

3. Show that if (71, 72) is another basis of M, then there exist integer numbers a, b, ¢, and
d such that

M = awy + bwsy
Mo = cwy + dwsy

lad — be| = 1.

The doubly periodic functions are also called elliptic functions.

4. Show that if an elliptic function has no poles, it is bounded in C and thus by Liouville’s
theorem must be constant.

We can choose a number a € C such that f(z) has no zeroes or poles on the boundary
OP of the parallelogram P with vertices at the points a, a + wy, a + ws, a + w1 + ws.

5. Show that the double periodicity of f(z) implies that

f(z)dz = 0.
apP

As a consequence, the sum of residues of f(z) is zero and therefore there doesn’t exist
an elliptic function with a single simple pole inside P.

6. Show that the function f'(z)/f(z) is also an elliptic function and deduce that f(z) has
equally many poles as it has zeroes inside P.

7*. By analyzing the integral
1 2f'(2)

21 Jop f(2)

show that on one hand its value is of the form nw; 4+ nsws, and on the other hand equals

dz

ay+---+ag—by—---—bg, where ay, ..., a; are the zeroes of f(z) inside P and by, ..., by are
the poles. Conclude that the sum of zeroes minus the sum of poles (as complex numbers)
is a period of f(z).
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2. WEIERSTRASS P-FUNCTION.

Let, as before, f(z) be a non-constant elliptic function with a basis of periods (wy,ws).
Assume now that P contains the origin and that the only pole of f(z) inside P is actually
at the origin. Since it cannot be a simple pole, the next best thing is to require that the
singular part of f(2) is 272
8. Show that f(z)— f(—z) has no poles and thus is a constant function, which is moreover
zero. This proves that f(z) is an even function.

Next, we can assume, by adding a constant if necessary that the Laurant series for f(z)
at zero has no constant term:

f(z2) =224 a12® +a* +--- .

With these conditions, it is easy to see that f(z) is uniquely determined and it is
traditionally denoted by P(z) and called the Weierstrass P-function.

9. Next, you need to show that

1 1 1
P(z) == —_—
() 2T Z <(z — W) wz) 7
w#0
where the sum is taken over all non-zero periods of P.

Proceed as follows: first, show by norm estimates that the right-hand side converges.
Next, by considering the derivative of the right hand side show that it has periods w;
and wy. Conclude that P(z) minus the right hand side is a constant function, which, by
considering the Laurant series at zero, is actually zero.

10. Show that any even elliptic function with periods w; and ws can be written as

“r P(z) = Play)
constjl:[l m

Since P(z) has zero residues, its anti-derivative is a single-valued function. We normal-
ize it so it is odd and denote —((2).

11. Show that

w#0
where the sum is taken over all non-zero periods of

1 1 1 z
=1+ (o at )
P.

12. Show that ((z +wi) = ((2) +m and {(z + w2) = ((2) + 1, for some constants 7; and

72. Then show that

1
— dz = 1.
2me P C—(Z) i
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From here derive the Legendre’s relation:

MWy — Nowy = 271 .

3. THE DIFFERENTIAL EQUATION.

In this section you will derive a differential equation which P(z) satisfies. First, show

that
1 1 z 22 23

z—w w  w? wd  wh
After summing over all periods obtain

1
g(z)_z ;Gaz )

where .
G]' - - .

5
w#0 w™
Since P(z) equals minus the derivative of ((z), we get:

1 o, —
P(z) = pois Z(2j — 1)G;2%72.
=2

Now write down explicitly several initial terms of the Laurant series for P(z), P(z)3,
P'(z), and P'(z)%.
Show that they satisfy
P'(2)? — 4P(2)® + 60G,P(2) = —140G3 + - - - .

Notice that the left-hand side is a doubly periodic function and the right-hand side has
no poles thus concluding that P satisfies the differential equation:

P'(2)? = 4P(2)® — 60GoP(2) — 140G} .



